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Abstract: Let C be a smooth (irreducible) curve of degree d in P2. Let P2 →֒ P5
be the Veronese embedding and let IC denote the homogeneous ideal of C on P
5. In this
note we explicitly write down the minimal free resolution of IC for d ≥ 2.
1. Introduction
In [L], the author has remarked, ” It is very exceptional to be able to
construct the whole resolution explicitly, let alone to be able to do so by
hand!.” This remark of Lazarfeld motivated us to try to explicitly calculate
whole resolutions of projective varieties.
In this paper I have explicitly calculated the whole resolutions of the
Veronese embedding of plane curves. I look at the even and odd degree
curves separately and get the explicit resolution for both.
Let C be a smooth and irreducible projective curve and L be an ample
line bundle on C, generated by its global sections. Then L determines a
morphism
ΦL : C −→ P(H
0(L)) = Pr
where r = h0(L) − 1. Also we have that if L is very ample, then ΦL is an
embedding.
Let IC be the homogeneous ideal of C in P
r and S, homogeneous coordi-
nate ring of the projective space, Pr
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Let R = S/IC , then the minimal graded free resolution of R is the following
exact sequence of free modules:
0→ En
αn→ . . .
α3→ E2
α2→ E1
α1→ E0 → R→ 0 . . . (A)
where each Ei is a direct sum of twists of S, i.e.
Ei = ⊕jS(−aij),
And the maps, αi’s in the above exact sequence are given by matrices of
homogeneous forms and none of the entries in the above matrices are non-
zero constants. Note that E0 = S and the image of α1 is the ideal of S, IC .
In this note we look at C, a smooth(irreducible) curve of degree d such
that C →֒ P2(here L is OC(1)). Now because of the Veronese embedding, we
get an embedding of C in P5 which is nothing but the embedding of C in P5
due to the very ample line bundle, OC(2). We explicitly calculate minimal
free resolution of IC and in particular get the equations defining C in P
5.
Most of the definitions in this note are from [A] and [H].
Notations
The first syzygy module is defined as the image of α2 in E1 in the exact
sequence (A) and is denoted by Syz1(IC).
The k th syzygy module is defined inductively to be the module of syzy-
gies of the (k − 1 )st syzygy module. Hence we have the following inductive
relation:
Syzk (IC ) = Syz
1 (Syzk−1 (IC ))
2. Resolutions of Veronese Embedding
Consider σ : P2 → P5 such that for p = (a0, a1, a2) ∈ P
2,
σ(p) = (a20, a0a1, a0a2, a
2
1, a1a2, a
2
2)
This is called the Veronese embedding of P2 in P5 [H].
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Now if x00, x01, x02, x11, x12, x22 denote homogeneous coordinates on P
5,
then one has a description of σ(P2) as the zeros of the six minors of the
following 3× 3 symmetric matrix.

 x00 x01 x02x01 x11 x12
x02 x12 x22


Moreover we also get a map,
θ : k[x00, x01, x02, x11, x12, x22]→ k[x0, x1, x2]
such that, θ(xij) = xixj ∀0 ≤ i ≤ j ≤ 2.
Also the defining equations of this embedding are:
∆00 = x11x22 − x
2
12
∆01 = x01x22 − x12x02
∆02 = x01x12 − x02x11
∆11 = x00x22 − x
2
02
∆12 = x00x12 − x02x01
∆22 = x00x11 − x
2
01
Notice that,
ker(θ) = < ∆i,j , ∀0 ≤ i ≤ j ≤ 2 >
From now we will denote k[x00, x01, x02, x11, x12, x22] as S. And for d ∈ Z,
S(d) is the graded S module such that S(d)n = Sd+n
Theorem 1 : [OP] The ideal IP2 of σ(P
2) in P5 has the following resolution.
0→ S(−4)⊕3
M3→ S(−3)⊕8
M2→ S(−2)⊕6
M1→ IP2 → 0 (1)
where,
M1 =
[
∆00, ∆01, ∆02, , ∆11, ∆12, ∆22
]
M2 =


x02 0 x01 −0 0 x00 0 0
−x12 x02 −x11 x01 0 0 x00 0
x22 0 x12 x02 x01 x02 0 x00
0 −x12 0 −x11 0 −x11 −x01 0
0 x22 0 0 −x11 x12 x02 −x01
0 0 0 x22 x12 0 0 x02


(2)
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M3 =


x01 x00 0
−x11 −x01 0
−x02 0 x00
x12 x02 0
−x22 0 x02
0 −x02 −x01
0 x12 x11
0 −x22 −x12


(3)
3. Resolutions of plane curves in the Veronese embedding.
Let C be a smooth(or irreducible) curve such that, C →֒ P2. Hence
C is given by a irreducible polynomial in three variables. Now recall that
P
2 →֒ P5. Hence we have C →֒ P2
σ
→ P5. We will compute the syzygies of
the homogeneous ideal Iσ(C) using this embedding and the resolution of the
Veronese embedding above. Let C be defined by the polynomial f of degree
d in three variables. Hence,
C = Z(f(x0, x1, x2))
Let,
f =
∑
i+j+k=d
ai,j,kx
i
0x
j
1x
k
2
3.1: Degree of f is even
We have d is even(say 2m), and
f =
∑
i+j+k=2m
ai,j,kx
i
0x
j
1x
k
2
Lemma 2: Im(θ) is a subalgebra of K[x0, x1, x2] and is generated by
even polynomials.
Proof:
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To prove thatl f ∈ Im(θ). We split f in four parts, depending on the parities
of i,j,k, i.e., f = f I + f II + f III + f IV with;
f I =
∑
i+j+k=d,
i,j,k even
ai,j,kx
i
0x
j
1x
k
2
and so on.
Case I : When i, j, k are all even, consider
F I =
∑
i+j+k=d
i,j,k even
aijkx
i
2
00x
j
2
11x
k
2
22
Notice that θ(FI) = f I
Case II : When i is even, j and k odd, consider
F II =
∑
i+j+k=d
i even
j,k odd
aijkx
i
2
00x
j−1
2
11 x
k−1
2
22 x12
Similarly as Case I, θ(FII) = f II
Case III : With i is odd, j is even, k is odd consider
F III =
∑
i+j+k=d
j even
i,k odd
aijkx
i−1
2
00 x
j
2
11x
k−1
2
22 x02
θ(FIII) = f III
Case IV : i is odd, j is odd, k is even consider,
F IV =
∑
i+j+k=d
k even
i,j odd
aijkx
i−1
2
00 x
j−1
2
11 x
k
2
22x01
θ(FIV) = f IV
Now let,
F = FI + FII + FIII + FIV
5
Then
θ(F) = f
Hence f ∈ Im(θ).
Lemma 3: LetG ∈ S such that, G homogeneous and Z(θ(F )) ⊂ Z(θ(G)) ⊂
P
2, where F is a irreducible polynomial of even degree. Then G ∈< F,∆i,j :
0 ≤ i ≤ j ≤ 2 >.
Proof : Let θ(G) = g, then g is a homogeneous polynomial and,
Z(f) ⊂ Z(g)
⇒ g ∈ (f) as C is a irreducible curve and hence f is irreducible hence,
g = f.h for some h homogeneous in K[x0, x1, x2]
Now f and g are even degree implies that h is of even degree hence, ∃H ∈ S,
homogeneous such that θ(H) = h.
Thus θ(G) = θ(F ).θ(H) = θ(F.H),
⇒ θ(G− F.H) = 0
⇒ G− F.H ∈ ker(θ)
⇒ G− F.H =
∑
0≤i≤j≤2
∆ijSij for some Sij ∈ S, Sij homogeneous
⇒ G ∈< F,∆ij : 0 ≤ i ≤ j ≤ 2 >
This completes the proof of the lemma.
Now recall M2 and M3 from equations (2) and (3), from now we will
denote them as below: Let us denote the ith row of M2 as Wi and j
th row of
M3 as Gj , for 1 ≤ i ≤ 8 and j = 1, 2, 3. Hence we get,
M2 =
[
W1, W2, W3, W4, W5, W6, W7, W8
]
(∗)
M3 =
[
G1, G2, G3
]
(∗∗)
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Theorem 4: Let C be an irreducible curve of even degree say d = 2m,
m ≥ 1. The homogeneous ideal IC of σ(C) in P
5 has the following resolution.
0→S(−m− 4)⊕3
M ′
4→ S(−4)⊕3 ⊕ S(−m− 3)⊕8
M ′
3→
M ′3→ S(−3)⊕8 ⊕ S(−m− 2)⊕6
M ′2→ S(−2)⊕6 ⊕ S(−m)
M ′1→ S → S/IC → 0
(4)
where,
M ′1 =
[
[M1] , F
]
(5)
Also let,
N2 =


−F 0 0 0 0 0 ∆00
0 −F 0 0 0 0 ∆01
0 0 −F 0 0 0 ∆02
0 0 0 −F 0 0 ∆11
0 0 0 0 −F 0 ∆12
0 0 0 0 0 −F ∆22


Let
N2 =
[
U00, U01, U02, U11, U12, U22
]T
M ′2 =
[
W ′1, W
′
2, W
′
3, W
′
4, W
′
5, W
′
6, W
′
7, W
′
8, U00, U01, U02, U11, U12, U22
]
(6)
where
W ′i =
[
Wi
0
]
∀i = 1, . . . , 8
with Wi as in (*)
Hence,
M ′2 =
[
M2 −FI6
0 M1
]
Let
Hi =
[
[F.I8i ]
[Wi]
]
where
Iki =
[
0, 0, . . . ,
ith position
1 , 0, . . . , 0
]T
is a k × 1 vector
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M ′3 =
[
G′1, G
′
2, G
′
3, H1, . . . , H8
]
(7)
where,
G′i =
[
Gi
[0¯]
]
for i = 1, 2, 3
where Gi as in (**) and [0¯] is a 0 matrix of appropriate dimension.
hence we have,
M ′3 =
[
M3 −FI8
0 M2
]
Now let
M ′4 =
[ (
[−F.I31 ]
[G1]
)
,
(
[−F.I32 ]
[G2]
)
,
(
[−F.I33 ]
[G3]
) ]
(8)
Hence we can write that,
M ′4 =
[
[−F.I3]
[M3]
]
Proof :
From Lemma 3, it is clear that
M1 =
[
∆00, ∆01, ∆02, ∆11, ∆12, ∆22, F
]
Now consider,
A =
[
a00, a01, a02, a11, a12, a22
]
where aij ∈ S, homogeneous.
And B ∈ S, homogeneous
such that ∑
i,j
aij.∆ij + B.F = 0
⇒ θ(B.F ) = 0
⇒ θ(B).f = 0
⇒ B ∈< ∆ij : 0 ≤ i ≤ j ≤ 2 >
8
Hence, B =
∑
(bij∆ij) for some homogeneous polynomials bij ∈ S.
⇒
∑
(aij + bij .F ).∆ij = 0
Now if aij + bij .F = 0 for all (aij , bij) then such a [A,B] is generated by Uij .
If not then,
⇒
∑
(aij + bijF ) ∈ Syz
1(< ∆ij : 0 ≤ i ≤ j ≤ 2 >)
Hence, the relations between ∆ij and F are generated by Uij : 0 ≤ i ≤ j ≤ 2
and W ′k : k = 1, . . . , 8.
Hence we get,
M ′2 =
[
W ′1, W
′
2, W
′
3, W
′
4, W
′
5, W
′
6, W
′
7, W
′
8, U00, U01, U02, U11, U12, U22
]
Now consider
A =
[
a00, a01, a02, a11, a12, a22
]T
, aij ∈ S, aij homogeneous ∀0 ≤
i ≤ j ≤ 2 and,
B =
[
(bk)
]
, bk ∈ S, homogeneous
such that ∑
0≤i≤j≤2
aij .Uij +
∑
1≤k≤8
bk.W
′
k = 0
⇒
∑
i,j
aij∆ij = 0
As the last column of each W ′k, k = 1, . . . , 8 is zero and the last column of
Uij is ∆ij for 0 ≤ i ≤ j ≤ 2
⇒ A ∈< Wk : k = 1, . . . , 8 >
Let A =
∑
k
(ckWk), for some homogeneous polynomial, ck ∈ S
⇒ −
∑
k
ckWkF.Id6 +
∑
k
bkWk = 0
where Idn is a n× n identity matrix.
⇒
∑
i,k
Wk(−ckF + bk) = 0
Hence if −ck.F + bk = 0 for all k, this implies bk = ck.F for all k then
such (bk, aij) are generated by < [[F.[I
8
i ]] , [Wi]] > for i = 1, . . . , 8. And if not
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then, ⇒ [(−ckF + bk)Ik]k=1,...,6 ∈ Syz
1(< Wj : j = 1, . . . , 8 >).
Hence the relations between W ′k and Uij are generated by G
′
i and Hk.
Hence we get,
M ′3 =
[
G′1, G
′
2, G
′
3, H1, . . . , H8
]
Now consider
A =
[
a1, a2, a3, a4, a5, a6, a7, a8
]T
, ai ∈ S, homogeneous for
i = 1, . . . , 8
B =
[
(bk)
]
bk ∈ S, homogeneous for k = 1, 2, 3 such that
∑
i
ai.Hi +
∑
k
bk.G
′
k = 0
⇒
∑
i
aiWi = 0
As the last six columns of each G′k, k = 1, 2, 3 are zero.
⇒ A ∈< Gp : p = 1, 2, 3 >
Let A =
∑
k
(cpGp), for some homogeneous polynomial, ck ∈ S.
Then we have,
∑
p(cpGp).(F.Id8) +
∑
k
bk.Gk = 0
⇒
∑
p
(cp.F.Id8 + bp)Gp = 0
Now if cp.F + bp = 0 for every p, then bp = −cp.F for all p, then we can
say that ([bp], [cp]) is generated by < ([−F.I
3
i ] , [I
3
i ]) : i = 1, 2, 3 >, hence
([bp], [ak]) is generated by < ([−F.I
3
i ] , [Gi]) i = 1, 2, 3 >
Also from theorem 1 we have that G′k : k = 0, 1, 2 are independent. Hence
Syz1(< G′i, Hj : i = 1, 2, 3 and j = 1, . . . 8 >) =< ([−F.I
3
i ] , [Gi]) : i =
1, 2, 3 >
Hence,
M ′4 =
[(
[−F.I3i ]
[Gi]
)]
i = 1, 2, 3
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3.2: Degree of f is odd
Recall
f =
∑
i+j+k=d
ai,j,kx
i
0x
j
1x
k
2
Now let f0 = x0.f , f1 = x1.f , f2 = x2.f
Then fn is of even degree and hence according to Case A, fn ∈ Im(θ) for
n = 0, 1, 2
Lemma 5: Let G ∈ k[x00, x01, x02, x11, x12, x22] such that, G homoge-
neous and
Z(θ(F0)) ∩ Z(θ(F1)) ∩ Z(θ(F2)) ⊂ Z(θ(G)) ⊂ P
2. Then G ∈< Fk,∆i,j : 0 ≤
k ≤ 2, 0 ≤ i ≤ j ≤ 2 >.
Proof : Now let θ(G) = g, then degree(g) is even.
Z(f0) ∩ Z(f1) ∩ Z(f2) ⊂ Z(g)
⇒ Z(f) ⊂ Z(g)
⇒ g ∈ (f)as C is an irreducible curve and hence f is irreducible
⇒ g = f.h for some h ∈ k[x0, x1, x2]
⇒ h 6= 1 as degree f is odd while degree g is even
⇒ g =
∑
i=0,1,2
fihi for some homogeneous even degree polynomials hi ∈ k[x0, x1, x2]
11
⇒ G =
∑
i=0,1,2 FiHi, where θ(Hi) = hi ∀i = 0, 1, 2.
Such a Hi, exists as the degree of hi is even.
⇒ θ(G−
∑
i=0,1,2
FiHi) = 0
⇒ G−
∑
i=0,1,2
FiHi ∈ ker(θ)
⇒ G =
∑
i=0,1,2
FiHi +
∑
i,j=0,1,2
∆ijSij for some Sij ∈ k[x00, . . . , x22]
⇒ G ∈< Fk,∆ij : i, j, k = 0, 1, 2 >
Lemma 6: Im(θ) is a subalgebra of K[x0, x1, x2] and is generated by
even polynomials.
Proof:
Like in the case of degree of f being even we split f in four parts depending
on the parities of i,j,k.
Case I: i, j, k are all odd. Let
Let hI =
∑
i,j,k
aijkx
i−1
2
00 x
j−1
2
11 x
k−1
2
22
F0
I =
∑
i+j+k=d
ai,j,kx
i+1
2
00 x
j−1
2
11 x
k−1
2
22 x12
F1
I =
∑
i+j+k=d
ai,j,kx
i−1
2
00 x
j+1
2
11 x
k−1
2
22 x02
F2
I =
∑
i+j+k=d
ai,j,kx
i−1
2
00 x
j−1
2
11 x
k+1
2
22 x01
Then,
F0
I = x00x12hI
12
F1
I = x11x02hI
F2
I = x22x01hI
Case II: i odd, j even, k even. Now
Let hII =
∑
i,j,k
aijkx
i−1
2
00 x
j
2
11x
k
2
22
F0
II =
∑
i+j+k=d
ai,j,kx
i+1
2
00 x
j
2
11x
k
2
22
F1
II =
∑
i+j+k=d
ai,j,kx
i−1
2
00 x
j
2
11x
k
2
22x01
F2
II =
∑
i+j+k=d
ai,j,kx
i−1
2
00 x
j
2
11x
k
2
22x02
Then,
F0
II = x00hII
F1
II = x01hII
F2
II = x02hII
Case III: i even, j odd, k even. Now
Let hIII =
∑
i,j,k
aijkx
i
2
00x
j−1
2
11 x
k
2
22
F0
III =
∑
i+j+k=d
ai,j,kx
i
2
00x
j−1
2
11 x
k
2
22x01
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F1
III =
∑
i+j+k=d
ai,j,kx
i
2
00x
j+1
2
11 x
k
2
22
F2
III =
∑
i+j+k=d
ai,j,kx
i
2
00x
j−1
2
11 x
k
2
22x12
Then,
F0
III = x01hIII
F1
III = x11hIII
F2
III = x12hIII
Case IV: i even, j even, k odd. Now
Let hIV =
∑
i,j,k
aijkx
i
2
00x
j
2
11x
k−1
2
22
F0
IV =
∑
i+j+k=d
ai,j,kx
i
2
00x
j
2
11x
k−1
2
22 x02
F1
IV =
∑
i+j+k=d
ai,j,kx
i
2
00x
j
2
11x
k−1
2
22 x12
F2
IV =
∑
i+j+k=d
ai,j,kx
i
2
00x
j
2
11x
k+1
2
22
Then,
F0
IV = x02hIV
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F1
IV = x12hIV
F2
IV = x22hIV
Fn = Fn
I + Fn
II + Fn
III + Fn
IV ∀n = 0, 1, 2
Also notice θ(Fn) = fn for n = 0, 1, 2
Theorem 7: Let C be an irreducible curve of odd degree say d = 2m − 1,
for m ≥ 2. The ideal IC of σ(C) in P
5 has the following resolution.
0→S(−m− 4)
β4
→ S(−4)⊕3 ⊕ S(−m− 2)⊕6
β3
→
β3
→ S(−3)⊕8 ⊕ S(−m− 1)⊕8
β2
→ S(−2)⊕6 ⊕ S⊕3(−m)
β1
→ S → S/IC → 0
(9)
Proof :
From Lemma 3 and Lemma 5, it is clear that
β1 =
[
∆00, ∆01, ∆02, ∆11, ∆12, ∆22, F0, F1, F2,
]
Now consider A =
[
a00, a01, a02, a11, a12, a22
]
, aij ∈ S, homogeneous
∀0 ≤ i ≤  ≤ 2 and b =
[
b0, b1, b2
]
where bl ∈ S, homogeneous, for
k = 0, 1, 2 such that,
∑
i,j
aij.∆ij +
∑
k
bk.Fk = 0 (10)
⇒ θ(
∑
k
(bk.Fk)) = 0
⇒
∑
k
(θ(bk).fk) = 0
⇒
∑
k
(θ(bk).f.xk) = 0
⇒
∑
k
(θ(bk).xk) = 0
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Let θ(bk) = Bk, then degree of Bk is even. Then,
B = (B0, B1, B2)
T ∈ Syz1(x0, x1, x2)
Now by simple computation we get
Syz1(x0, x1, x2) =<

 x1−x0
0

 ,

 x20
−x0

 ,

 0x2
−x1

 >
hence B ∈< Y0, Y1, Y2 > where,
Y0 =
(
x1, −x0, 0
)
Y1 =
(
x2, 0, −x0
)
Y2 =
(
0, x2, −x1
)
But degree of Bk is even, hence, B ∈< xkYl : k, l = 0, 1, 2 >.
Hence, (b0, b1, b2) ∈< Ylk : k, l = 0, 1, 2 >
where
Y00 =
(
x01, −x00, 0
)
Y01 =
(
x11, −x01, 0
)
Y02 =
(
x12, −x02, 0
)
Y10 =
(
x02, 0, −x00
)
Y11 =
(
x12, 0, −x01
)
Y12 =
(
x22, 0, −x02
)
Y20 =
(
0, x02, −x01
)
Y21 =
(
0, x12, −x11
)
Y22 =
(
0, x22, −x12
)
Also note that,
Y02 = Y11 − Y20
Now substituting all Yij for i, j = 0, 1, 2 except for Y02 for b in (10) we get,
the following 8 vectors,
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V1 =
[
0, 0, −x00hI , 0, hIV , hIII , [Y00]
]T
V2 =
[
0, 0, hIV , 0, −x11hI , −hII , [Y01]
]T
V3 =
[
0, x00hI , 0, hIV , hIII , 0, [Y10]
]T
V4 =
[
x00hI , hIV , 0, 0, −hII , −x22hI , [Y11]
]T
V5 =
[
0, −hIII , 0, −hII , −x22hI , 0, [Y12]
]T
V6 =
[
0, hIV , hIII , x11hI , 0, −x22hI , [Y20]
]T
V7 =
[
hIV , x11hI , −hII , 0, 0, 0, [Y21]
]T
V8 =
[
−hIII , −hII , x22hI , 0, 0, 0, [Y22]
]T
Let
β ′2 =
[
[V1] , [V2] , [V3] , [V4] , [V5] , [V6] , [V7] , [V8]
]
Now all the relations between Fn’s and ∆ij ’s are generated by Vk’s and W
′
l ’s
and all the relations between only ∆ij ’s are generated by Wl’s. Hence all
relations between Fn,∆jk are generated by Vk,W
′
l .
Hence Syz1(< Fn,∆ij >) =< Vk,W
′
l >. Hence
β2 = ([W
′
1] [W
′
2] . . . [W
′
8] [V1] . . . [V8])
where W ′k = [[Wk] [0¯]] with [0¯] a 1× 3 zero vector
Hence we can write β ′2 as
,
β2 =
[
[M2] H
0¯ Y
]
Now consider, A¯ = (ai) such that ai ∈ S homogeneous and B¯ = (bk),
where bk ∈ S, homogeneous such that
∑
i
aiVi +
∑
k
bkW
′
k = 0 (11)
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Now as all the entries in the last 3 columns in each of W ′i are zero we have,∑
i
AiYij = 0
.
Now it can be computed that Syz1(Yij) =< Li : 1 ≤ i ≤ 6 > where,
L1 =
[
x02, 0, −x01, 0, 0, x00, 0, 0
]
L2 =
[
x12, x02, −x11, −x01, 0, x01, x00, 0
]
L3 =
[
x22, 0, −x12, x02, −x01, 0, 0, x00
]
L4 =
[
0, x12, 0, −x11, 0, 0, x01, 0
]
L5 =
[
0, x22, 0, 0, −x11, −x12, x02, x01
]
L6 =
[
0, 0, 0, x22, −x12, −x22, 0, x02
]
So substituting Ki, i = 0, . . . , 6 for B¯ in (11) we get the following 6 vectors,
K1 =
[
0, 0, 0, x00hI , 0, 0, −hIV , hIII , [L1]
]T
K2 =
[
0, 0, x00hI , 0, −hIII , −hIV , x11hI , hII , [L2]
]T
K3 =
[
−x00hI , −hIV , 0, −hIII , 0, hIII , hII , x22hI , [L3]
]T
K4 =
[
0, 0, −hIV , −x11hI , hII , x11hI , 0, 0, [L4]
]T
K5 =
[
−hIV , −x11hI , hIII , hII ,−x22hI , 0, 0, 0 [L5]
]T
K6 =
[
hIII , hII , 0, 0, 0, −x22hI , 0, 0, [L6]
]T
Now all the relations between Vi’s and W
′
j ’s are generated by {Kl’s, G
′
k’s,
1 ≤ l ≤ 6, k = 1, 2, 3} and all the relations between only W ′j ’s (which are
actuallyWj) are generated by G
′
k’s. Hence we have that all relations between
{{Vi}, {W
′
j}} are generated by {Kl’s,G
′
k’s }. So ,
Syz1(< Vi,W
′
j >) =< Kl, G
′
k >. So we get that,
β3 =
[
[G′0] [G
′
1] [G
′
2] [K1] . . . [K6]
]
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where, G′i =
[
[Gi] [0¯]
]
where [0¯] is an appropriate dimensional zero matrix.
Hence we can write that,
β3 =
[
M3 L
0 K
]
Now consider A¯ = (Ai), such that Ai ∈ S, homogeneous and B¯ = (Bk), such
that Bk ∈ S, homogeneous such that,∑
l
AlKl +
∑
k
BkG
′
k = 0 (12)
Hence we have, ∑
l
AlK
′T
l = 0
(as the last eight columns of G′i’s are zero entries)
Now it can be computed that Syz1(K ′l) =< J
′ > where,
J ′ =


x12
2 − x11x22
−x02x12 + x01x22
x11x02 − x01x12
x02
2 − x00x22
−x01x02 + x00x12
x01
2 − x00x11


Like earlier, substituting J ′ in (12) we get J .
J =


−x00x12hI − x00hII − x01hIII − x02hIV
−x11x02hI + x01hII + x11hIII + x12hIV
−x01x22hI − x02hII − x12hIII − x22hIV
[J ′]


Now all the relations between Kl’s and G
′
k’s are generated by J and there
are no relations between only G′k’s as there are no non-trivial relations be-
tween Gk’s. Hence all relations between Kl, G
′
k are generated by J . Hence
Syz1(< Kl, G
′
k >) =< J >. Hence
β4 = [J ]
This completes the proof of the theorem.
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